A family of spherical non-Hermitian potentials of the form V (r, θ, ϕ) = V (r) + f (θ) e iǫϕ /r 2 (where r, V (r) , f (θ) ∈ R, e iǫϕ ∈ C) is studied. With f (θ) = 1/ sin 2 θ, it is shown that the corresponding non-Hermitian Hamiltonians admit some "new" PϕTϕ−symmetry. It is observed that whilst such PϕTϕ−symmetric Hamiltonians just copy the eigenvalues of V (r) , the corresponding wavefunctions would rather indulge some new probabilistic interpretations due to the change in the azimuthal part.
Introduction
Recently, non-Hermitian Hamiltonians with real spectra have attracted much attention [1] [2] [3] [4] [5] [6] [7] . The pioneering Bender's and Boettcher's letter [1] on nonHermitian PT -symmetric Hamiltonians (a generalization of quantum recipe and the nowadays known as PT -symmetric quantum mechanics PTQM) has inspired subsequent research on not only PT -symmetric Hamiltonians but also on a broader class of non-Hermitian pseudo-Hermitian Hamiltonians [2 -8] . Whilst a Hamiltonian H is PT -symmetric if it satisfies PT HPT = H (where P denotes parity and T mimics the time reversal), a pseudo-Hermitian Hamiltonian satisfies η H η −1 = H † or equivalently satisfies the intertwining relation η H = H † η (where η is a Hermitian invertible linear operator and ( † ) denotes the adjoint). Nevertheless, with some mild assumptions, one may relax H to be an η-weak-pseudo-Hermitian by not restricting η to be Hermitian (cf., e.g., Bagchi and Quesne [7] ), and linear and/or invertible (cf., e.g., Solombrino [6] , Fityo [6] , and Mustafa and Mazharimousavi [7] ).
In spherical coordinates (r, θ, ϕ), on the other hand, a radial potential V (r) accompanied by some asymmetrical term f (θ) /r 2 would result in a Schrödinger Hamiltonian (in ℏ = 2µ = 1 units, and µ stands for mass) of the form
The Coulomb potential V (r) = −α/r, nevertheless, with a ring-shaped inverse square potential 1/ r 2 sin 2 θ (i.e., f (θ) = 1/ sin 2 θ) would form the well known Hartmann potential and fits into the class of Hamiltonians in (1) . Under such settings, the Schrödinger equation is known be separable not only in spherical but also in parabolic coordinates [9] . The interest in the Hartmann potential is manifested by its feasible applicability to ring-shaped organic molecules. Hence, the study of its energy levels is carried out both in the context of Schrödinger [10] and Dirac [11] equations. An exhaustive list of references on such studies can be found in [9] [10] [11] .
It is within the spirit of Znojil's understanding [8] of the Bender's PTsymmetric quantum mechanics (i.e., P and T need not necessarily mean just the parity and time reversal, respectively) and stimulated/inspired by the molecular spectroscopic feasible applicability of Hamiltonian (1), we consider here a class of non-Hermitian Hamiltonians
where a, ǫ ∈ R are two constants introduced for convenience and ϕ is the azimuthal angle. Obviously the class of Hamiltonians in (1) forms a subset of those in (2) , provided that f (θ) = −a 2 / sin 2 θ. So far and to the best of our knowledge, such non-Hermitian Hamiltonians have not been considered in the literature and deserve some attention.
In the forthcoming experiment, we choose to stick to Znojil's understanding [8] and define a new "azimuthal" time-reversal-like operator T ϕ , say, as
and a new "azimuthal" parity-like operator P ϕ as
Hereby, it should be noted that both operators P ϕ and T ϕ are analogous to P and T of Bender's but over the azimuthal angle ϕ. Hence, our new operators leave the coordinates r and θ unaffected and are designed to operate only on the azimuthal descendent eigenvalue equation (e.g., equation (4) below) of the spherically-separable non-Hermitian Hamiltonian (2) . As such, one can easily show that our potential in (2)
is a P ϕ T ϕ -symmetric one (the corresponding non-Hermitian Hamiltonian (2) is
We shall discuss, in section 2, the consequences of non-Hermiticity and separability of our P ϕ T ϕ -symmetric Hamiltonian. Therein, we shall witness that whilst the Schrödinger equation remains separable and copies the spectrum of the radial part V (r), only the corresponding eigenfunctions experience some change associated with the solution of the azimuthal part. Our concluding remarks are given in section 3.
2 Consequences of non-Hermiticity and separability of our P ϕ T ϕ -symmetric Hamiltonian
In spherical coordinates, the Laplacian operator in the P ϕ T ϕ -symmetric nonHermitian Hamiltonian (2) would imply a 3D-Schrödinger equation of the form
It is obvious that, with
where m and Λ are separation constants to be determined and k 2 = E. A change of variable in (6) of the form z = e iǫϕ/2 would result in
Obviously, equation (7) is the modified Bessel equation with imaginary argument and has two independent solutions. The linear combination of which reads the general solution
where I ν (z) and K ν (z) are the modified Bessel functions. However, as a −→ 0 the second term K 2m/ǫ 2a ǫ z becomes irregular/infinite and hence ought to be discarded. Therefore, the regular solution of (7) collapses into
which should be single-valued and satisfies the condition
This condition suggests that ǫ = 0, ±2, ±4, · · · , which in turn would (discarding ǫ = 0 as irrelevant and choosing ǫ = 2 for simplicity/convenience and economy of notations) imply that
Next, using the modified Bessel functions' well known identity
This would mandate an azimuthal solution of the form
where C m,a is the normalization constant. and is to be found (keeping in mind that it can be shown that our
On the other hand, one may clearly observe that equation (5) is the very well known associated Legendre equation in which Λ = ℓ (ℓ + 1), where ℓ is the angular momentum quantum number, and Θ (θ) = P m ℓ (cos θ) are the associated Legendre functions. Hence, following the regular textbook procedure one may, in a straightforward manner, show that ℓ |m| (i.e., m = 0, ±1, ±2, · · · , ±ℓ, is the regular magnetic quantum number).
Consequently, as long as the Hermitian radial equation (4) is solvable (could be exactly-, quasi-exactly-, conditionally-exactly-solvable as well) for the radial interaction V (r), the spectrum remains invariant and real. However, the global wavefunction
(with n r = 0, 1, 2, · · · as the radial quantum number) would indulge some new probabilistic interpretations. This is due to the replacement of the regular spherical harmonics Y ℓm (θ, ϕ) part (for the radially symmetric 3D-Hamitonians) by the new P ϕ T ϕ -symmetric part P m ℓ (cos θ)Φ m (ϕ) (defined above for our P ϕ T ϕ -symmetric non-Hermitian Hamiltonian model).
Concluding remarks
Here we have considered a class of spherically-separable non-Hermitian but P ϕ T ϕ -symmetric Hamiltonians (2) . Hereof, one may easily show that our P ϕ -operator is Hermitian, unitary, and our (P ϕ T ϕ ) commutes with H of (2), i.e.,
respectively. Yet, it should be noted that our
operator just performs reflection about a 2D-mirror represented by the xzplane. Moreover, if H is a P ϕ T ϕ -symmetric Hamiltonian with the eigenvalue equation Hψ (r, θ, ϕ) = Eψ (r, θ, ϕ), then P ϕ T ϕ Hψ = P ϕ T ϕ Eψ = Eψ. Using [P ϕ T ϕ , H] = 0 we obtain Eψ = E * ψ and E is therefore pure real (in analogy with Bender, Brody and Jones in [8] and fits into PTQM-recipe).
It is obvious that our Hamiltonian in (2) is non-PT -symmetric under regular parity and time reversal definitions. That is, recollecting the regular parity definition for the spherical potential PV (r, θ, ϕ) = V (r, π − θ, π + ϕ) would imply
Hence our non-Hermitian Hamiltonian (2) is non-PT -symmetric but rather P ϕ T ϕ -symmetric and admits real eigenvalues.
In the light of this experiment, we have observed that our P ϕ T ϕ -symmetric non-Hermitian Hamiltonian just copies the eigenvalues of the radial interaction V (r), whereas the eigenfunctions suffer from the unavoidable change documented in the replacement of the spherical harmonics Y ℓm (θ, ϕ) by the "new" P ϕ T ϕ -symmetric P m ℓ (cos θ) Φ m (ϕ) term in the general solution ψ (r, θ, ϕ) in (13). Such a change would contribute to probabilistic interpretations that might just offer some possible studies of new (or perhaps not-yet-been adequately explored) quantum mechanical phenomena. Our preliminary findings on the probability densities associated with a radial Coulombic potential V (r) = −α/r in (2) show that a state (n r , ℓ, m) becomes more localized as the coupling parameter a gets lager that zero. However, such studies are not ripe enough yet.
The above was just a non-Hermitian but P ϕ T ϕ -symmetric example (of many that could be found) that recovered and copied the spectral properties of all radial interaction V (r) that are known to any Hermitian quantum mechanical textbook and/or literature. Yet we may safely add a P ϕ T ϕ -symmetrized Hartmann (cf., e.g., Chen, Lu and Sun in [10] ) example
reported by Chen and Dong in [10] (of course one should mind the proper values admissible for the ring-shaped organic molecules reported therein). For such cases, the corresponding P ϕ T ϕ -symmetric Hamiltonian would copy the eigenvalues of V (r, θ) and the only change would be in the azimuthal part of the general eigenfunctions (i.e., Φ m (ϕ) ∼ e imϕ =⇒ Φ m (ϕ) ∼ I m ae iϕ ). Finally, as long as the eigenvalue equation Hψ (r) = Eψ (r) is separable, each of the corresponding descendent differential equations represents an eigenvalue equation by itself (e.g., equations (4), (5) and (6) above). Each of which is defined over a well identified coordinate. Under such setting, one should, in our opinion (blessed with Znojil's understanding [8] of Bender's PTQM), be looking for proper time-reversal-like and parity-like operators that fit into Bender's PTQM. In the current proposal we have introduced two such operators. The example by Bender, Brody and Jones [8] of H = p 2 + x 2 + 2x being a non-PT -symmetric whereas a simple shift in the coordinate and/or parity performs reflection about x = −1 rather than x = 0 would classify it PT -symmetric, should always be (among others of course, e.g., Znojil and Lévai in [3] ) the spirit, the stimulant and the inspiration to contribute to the build-up of PTQM Theory.
